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Tom tat
Trong bai bdo nay, chiing t6i trinh bay mét s6 két qua duwéi vi phdn cuia ham 16i xdp
xi dinh nghia trén khéng gian Banach X .Cdc két qua nay da dwoc dwa ra boi cdc tic gia
Hupnh Vén Ngdi, Nguyén Hitu Tron va Michel Théra. Tuy nhién, hau hét chirng minh vin
tdt hodc khéng chirng minh. O ddy, chiing ti trinh bay véi chitng minh chdt ché va chi tiét.
T Khéa: Ham 16i xdp xi, dwdi vi phdn, ham & —16i, ham & — lién hop.
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Abstract

In this article, we present some results on the subdifferential of the convex
approximate function defined on a Banach space X. These results were proposed by
Huynh Van Ngai, Nguyen Huu Tron and Michel Théra. However, most of them were not
proved in full detail. In here, we present them in more detail with proof.

Keywords: Approximate convex function, subdifferential, &— convex function, & —
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1. it van dé

L&p cac ham 16i dong mot vai trd quan trong trong Toan hoc va cac nganh khoa hoc
tmg dung. Subt thap ky qua, nhidu két qua duoc mé rong dwa vao tinh 16i. Tuy nhién, tinh
16i thuong 14 nhitng gia thiét qua manh trong viéc ing dung, ching han nhu trong Toan kinh
té. Nhidu van dé trong thyc tién, ta phai lam viéc véi nhiing d6i tugng néi chung khong 16i
theo nghia chinh thong. Vi vy, viéc khao sat nhitng d6i twong (tdp hop, ham) khong 16i
nhung van giit dugc (mot sd) tinh chéat dep cua tinh 161 13 ¢o y nghia quan trong. Nhimng ddi
tugng nhu thé duoc goi 14 16i tong quét.

Gan day, nguoi ta quan tdm nhiéu dén cac 16p ham 161 tong quat nhu 16p cac ham
duci— C 1, dudi— C? - ham nika tron; ham 16i xd:p xi. Trong bai bao nay chi khao sat, nghién
ctru 16p dudi vi phan ciia ham 16i xap xi.

2. Cac khai niém va dinh ly

Mot sb khai niém lién quan dén phan nay ma khong nhic dén trong bai bao, co thé

tim thdy trong (Aubin & Frankowska, 1990; Yén, 2007).
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2.1. Mt s6 khai niém vé ham 16i va ham & —16i
Phan nay trinh bay mot s6 khai niém s€ dugc dung ¢ phan sau.
Pinh nghia 2.1.1 (Aubin & Frankowska, 1990). Ham f duoc goi la ham 16i néu thdéa méan
bat dang thirc sau
f(Ax+(1=2)y)<Af (x)+(1=2) £ (»), véimoi x, ye X, 2€[0,1].

Pinh nghia 2.1.2 (Aubin & Frankowska, 1990). Gia st X la khong gian Banach. Ham
f: X —> R dugc goi 1a Lipschitz dia phuong tai x € X, n€u ton tai lan can U cla x € X,
s6 K >0 sao cho

, voimoi x, x' eU.

() () <K
Pinh nghia 2.1.3. Ham f duoc goi 1a nwa lién tuc duditai X € X, néu v6i moi £ >0, ton
tai lan can U cua X sao cho
f(f)—g Sf(y), véimoi yeU.
Pinh nghia 2.1.4 (Hoang Tuy, 1997). Him f duoc goi 1a ham &—/6i néu thoa man bat
dang thirc sau
f(Ax+(1=2)y)<Af (x)+(1=2) f (»)+eA(1-2)|x—y
Vidy. Ham f:R — R xéc dinh béi f(x)=—|x| la ham 2—/6i.
Pinh nghia 2.1.5 (Hoang Tuy, 1997). Cho f laham &—16i, y € X cb dinh. Ham & — lién
hop [ (&, .): X" ->RU{+o0} cua f tai y dugc dinh nghia boi

£ (& 8): =sup{(g.x)= 7 (x) - e e}

Dinh nghia 2.1.6. Ham & —lién hop thir hai [ (&, .): X - RU{+w0} cua f tai y dugc

, X, veX, 16(0,1).

dinh nghia boi
17 (& x)=sup {<§,X>—fy* (5,5)}

cex*
2.2. Ham [6i xap xi ’ o
Phan nay, chung t6i trinh bay mét so khai niém co ban cua ham [6i xap xi trén
khong gian Banach.
Cho /X >RU {+oo} 12 ham nira lién tyc dudi. Vi mdi & >0, ta dinh nghia ham f;
nhu sau
f(x), X€E B(xo, 5)
fé(x):{oo, xeB(xo, 5).
Pinh nghia 2.2.1. Him f goi 1a 16i xdp xi tai x, € X néu véi mdi £ >0, ton tai & >0

sao cho f5 la ham & —16i, tc la voi mdi & >0, ton tai & >0 sao cho

f(Ax+(1=2)p)<Af (x)+(1=2) f (»)+eA(1-2)|x=y], x. y€B(x,.5), 2€(0,1).

Ham £ 16i xap xi trén mot tdp khac rong C = X néu f la ham 161 xap xi tai moi x € C.
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Khi C=X tanéi f la ham 16i xap xi.
Nhin xét 2.2.2. T dinh nghia ta thay, mot ham 16i 1a 101 x4p xi diéu nguoc lai néi chung
khong ding. Chang han, 1dy ham f:R — R xdc dinh boi f(x)=—x". Khi @6, f la

ham 16i x4p xi nhung khong 13 ham 156i. That vay, V& >0, chon & = g Khi d6, véi moi

/16(0,1), , <0, taco
f(Ax+(1-2)y)=-[2x+(1-2)y] = ~(1-A) y*=24(1- 1),
21 () +(1=2) f (v) = =227 =(1-2) ¥
Do d6

f(Ax+(1=2)y)=Af (x)-(1-2) £ (y)-eA(1-A)|x— )| =
=22 42 —(1-2) Y+ (1-2)y* =22 (1= )y — A (1-2)|x— ]
=2(1-2)x + 2(1-2)y* =22 (1= 2) xy - A (1- A ) |x )]

:ﬂ(l—i)[(x—y)z—ﬂx—yﬂ_

Diéu nay chimg to £ 1a ham 16i xdp xi. Nhung f khong la ham 16, vi v6i moi

<0.

/16(0,1), véimoi x # y, taco ﬂ(l—/i)(x—y)z >0 nén
f(),x+(1—l)y)>lf(x)+(1—/1)f(y),Vle(O,l), véi moi x # ).

2.3. Dud¢i Yi phan ciia ham 15i xap xi ’ ’ ’ 7

Phan nay, c‘hﬁn’g toi trinh bay mot so tinh chat co ban nhat c6 thé goi 1a dep cua
duci vi phdan ham 16i xap xi trén khong gian Banach.
Pinh nghia 2.3.1 (Yén, 2007). Dudi vi phan cia ham f tai X, ky hiéu of (x), duoc dinh
nghia nhu sau

of (%)={x" e X" /(x)- /(%) 2 (x",x~F), Vre X},
Pinh nghia 2.3.2. Dudi vi phan Clarke cua ham f tai x € domf, ky hiéu o f (x), duogc
dinh nghia nhu sau
acf(x) = {x* eX” :<x*,v> SfT (x,v),Vve X}.

Pinh nghia 2.3.3. Dudi vi phan Fréchet ciia ham £ tai x € domf, ky hiéu &* f (x), dugc
dinh nghia nhu sau

h)— —(x",h
o" f(x)= x*eX*:}limoinff(XJr ) fh(x) <x >

>0;.

Dinh nghia 2.3.4. £ —dudi vi phan ctia ham [ tai x € domf, ky hiéu 85 f (x), dugc dinh

nghia nhu sau:
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of ={x"eX": liminf
oS (x)=1x >0 h

Pinh nghia 2.3.5 (Yén, 2007). Dudi vi phan Mordu Khovich cua ham f tai x € domf, ky
hiéu oM f (x), duogc dinh nghia nhu sau
aMf(x) =seq— lim sup@ff(y).
y»x,sio
trong do, "seq —limsup" ky hiu gioi han trén Pailevé-Kuratowski cua mdt tap, tic la
seq—limsupd. f ()= {x* eX :dx, >x,x, >x,x, € 8§f(xn)}.
y—x
Pinh ly 2.3.6 (Ngai, Tron, & Thera, 2000). Cho X la mét khong gian Banach,
f:X—>RU {+OO} la hém nika lién tuc dwdi, 16i xdp xi tai x, € domf. Khi do, ta cé

0 f(x0)=0" f(x0)=0" 1 (x0)=0f (x,)-
Chirng minh. Theo dinh nghia, ta c6
0" f(x) =0 f(x0), 0" f(x0) =0 (%), 0" f (x0) = Of (xp)-
Ta can ching to ring ﬁcf(xo) c 6Ff(x0), 8Mf(x0) - aFf(xO), ﬁf(xo)gﬁFf(xo).

Vi f laham 16i xdp xi tai x,nénvéi &> 0 tly ¥, ton tai & >0 sao cho
f(/Ier(l—/i)y)S/If(x)+(1—ﬂ)f(y)Jrgﬂ(l—/i)”x—y”, X, yeB(x0,5), ﬂ,e(O,l).
Liy x* €0 f(xy) =0 f5(xy) = x" €0° f5(x, ), ta co

(xR < 1 (g + )= 1 () + 2]

, Vhe B(0,6).
Suy ra
x" 0" f(x,)hay 81 (x0) = 0" f(x,)-

Tachimgto 0" f(x)) =" f(x,)-
Liy x" €8" f (%), 3z, } L 0, {x,} > x,, {x;|—>x" voi x; €0 /(x,). Chon cic
day s6 khong am  y, 4 0. Theo dinh nghia, véi mdi 7 ta tim mot sé 77, >0 sao cho

(5rh)< 1 (x4 h) = £ (3,)+ (8,47, |
Gid str x, eB(xO,5),Vn2nO. Vi bat ky yeB(xo,é'), chon te(O, l) sao cho

, Vhe B(x,.m,).

h||y—xn||<77n. Do d6, ta ¢
<x;7 t(y_xn)>Sf(xn+t(y_xn))_f(xn)+(gn+7/n)||y_xn||

<(1=12)f(x,)+tf (»)- S (x,)+1(e(=1)+&,+7,) |y —x,|-
Suy ra

<xZ,y—x,, >Sf(y)—f(xn)+(€+€n+7/n)||y—xn||. Cho n—> o ta dugc
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<x*,y—x0 >Sf(y)—f(x0)+g||y—x0||.
Diéu nay, chimg to x" € 9" £ (x,),vay 0" f(x,) =" £ ().
Cudi cling chimg to of (x,) = 0" f(xy). Lay x" € df (x,), vi f 1a ham 16i xép xi tai x,
nén véi y € B(x,,8) cd dinhva r(0,1)taco

f(x0+t(y—x0))—f(x0)

t

< ()= (o) +&(1=1) |y x|

Cho 740 ta duoc
f'(XOsy—xo)Sf(J’)—f(xo)+5”y—x0”~

Suyra x* e 6Ff(x0). Vay af(xo) c 8Ff(x0).
Tur dinh ly trén, ta c6 hé qua sau.

H¢ qua 2.3.7 (Ngai, Tron, & Thera, 2000). Gid st f : X — RU{+o0} la ham nira lién tuc
diedi, 16i xdp xi tai z € X. Khi do, néu 0 € 8Ff(z) thi z la cuc tiéu dia phwong ciia ham

f () + 6‘” z
Chimg minh. Theo dinh ly 2.3.6, 8° £ (z) =8" (z), do d6 08" £ (z), tirc 1a véi mdi

, Ve>0.

e>0 taco f(z+h)+8||h|| > f(Z),Vé’i h di gan 0. Piéu nay chimg to z la cyc tiéu dia

, Ve>0.
Ta da biét, d6i v6i ham 161, dudi vi phan ciia mot tong bang téng cac dudi vi phan.
Liéu tinh chat nay, con dung cho ham 16i x4p xi, ta c6 dinh ly sau.
Dinh ly 2.3.8 (Ngai, Tron, & Thera, 2000). Cho X la khong gian Banach,
Sis o : X > RU{+o0} la cde ham nira lién tuc duwdi, chinh thuong. Gia sir, domf,, domf’

phuong cua ham f() + 6‘” z

la cdc tap 16i va f,, f la cdc ham 16i xdp xi tai domf, (\domf,. Khi do,
O(fi+£2)(30) 20(£)(30) +0(f2)(%0)-
Néu U /1>02,(d0mf1 —domfz) - khéng gian con dong ciia X (goi la diéu kién Attouch-
Brézis) thi
O(/i+/2)(%0) =0(/1)(%0) +0(/2) (%0)-
Chirng minh. Tir dinh nghia, ta suy ra 0( f; + /5 ) (%) 20(/)(x0) + (/5 )(x)-
Liy &> 0 tuyy, cb dinh. Vi f;, £, 1a cic ham 16i x4p xi nén ton tai & >0 va cac ham 16i

A ol 2
nira lién tyc dudi g, , g5 sao cho

fi(0) gl (] < e,

, VxeB(x0,5), i=12.

Suy ra
domf, ﬂB(x0,5):d0mg;0 NB(x,,5) va Ggfco (x0) = f;(x0)+€B,-, i=1,2.
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Do do,
a(f1 +f2)(x0) c a(g;U +g§0 )(x0)+2gBX*.
Hon nira,
U 1o A (domf — domfy) =\ ;..o A(domf; ( B(xy,8) — domf, (1 B(x,,5)).
Theo dinh nghia, ta c6 bao ham thuc "> ".
Bay gio ta chung minh,
domf, —domf, — Uboﬁ,(domf1 N B(x,,8)—domf, ﬂB(xO,é')).
Gid st x € (domf, —domf, ), tic 1a x = x, —x,, v6i x, € domf,, x, € domf,.
Chon 0 <y dd nhd sao cho }/”xl- —x0|| <9, i=1,2. Vi domf,, domf, 1a cac tap 16i nén
véi y; =(1-y)x, +yx; € domf;, i=1,2.
Hon nira,

||yi—x0||:7/||xi—x0||<5, i=1,2, thcla y, eB(x0,5), i=1,2.
Suy ra, y; € domf; N B(x,,5).Do do,

1 1
X=X —-X, :;(y1 —yz)E;(a’omf1 NB(xy,8)—domf, ﬂB(x0,5)).

Suy ra,
domf, —domf, — L,l/boxl(domf1 N B(xy,8)—domf, N B(x0,5)).

Vay dinh ly duogc chiing minh.
Tur dinh ly trén, ta c6 hé qua sau.
H¢ qua. 2.3.9. Gia sit f,, f, la cdc ham 16i xdp xi tai x, € domf, "\ Int(domf,). Khi do,

O(fi+£:)(%)=0(£1)(x0)+0(£2)(%)-

Chirng minh. Theo dinh ly 2.3.8, ta c6
U 1m0 A(domfy —domfy) = U .o A(domf; ( B(xy,8) —domf, N B(xy,6)) =U .0 AB(x,.6).
4. Két luan

Bai bao da thuc hién duoc cac van dé sau:

Chimg minh chi tiét cac két qua, dinh 1y 2.3.6, dinh 1y 2.3.8.

Dinh ly 2.3.6, tinh chat quan trong cho duéi vi phan ctia ham 16i xp xi.

Dinh ly 2.3.8, két qua dudi vi phan ctia mot tong cho ham 16i xap xi.
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